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Let X be a normed linear space, and let BðXÞ ¼ fx 2 X :
kxk 6 1g;SðXÞ ¼ fx 2 X : kxk ¼ 1g, and Bcð0Þ ¼ fx 2 X :
kxk < cg be the unit ball, the unit sphere, and open ball with
radius c of X respectively. Let X be the dual space of X.
In this paper we use xn !w x to denote the sequence fxng
weak approaches to x, and hx; fi to denote the value of
f 2 X at x 2 X.In 1948, Brodskiı˘ and Mil’man [1] introduced the following
geometric concepts:
Deﬁnition 1.1. A bounded, convex subset K of a Banach
space X is said to have normal structure if every convex subset
H of K that contains more than one point contains a point
x0 2 H, such that supfkx0  yk : y 2 Hg < dðHÞ, where
dðHÞ ¼ supfkx yk : x; y 2 Hg denotes the diameter of H. A
Banach space X is said to have normal structure if every
bounded, convex subset of X has normal structure. A Banach
space X is said to have weak normal structure if for each
weakly compact convex set K in X that contains more than one
point has normal structure. X is said to have uniform normal
structure if there exists 0 < c < 1 such that for any subset K as
above, there exists x0 2 K such that supfkx0  yk : y 2 Kg <
c  ðdðKÞÞ.
For a reﬂexive Banach space X, the normal structure and
weak normal structure coincide.
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of X has normal structure then any nonexpansive mapping on
K has a ﬁxed point.
In 1970, Kottman [3] introduced the packing constant
P(a,X)=sup{r : there exist a disjoint balls of radius r in
U(X)} where a is a cardinal number and e-net, and studied
the relation between Pða;XÞ; e-net and other geometric proper-
ties of X respectively.
In 1980, Huff [4] introduced the concepts of UKK spaces
and NUC spaces.
Deﬁnition 1.2. A Banach space X is called UKK space
(Uniform Kadec-Klee space) if for any e > 0 there exists
0 < d < 1, such that for any sequence x1; x2; . . . ; xn; . . . 2 BðXÞ
with xn !w x and sepðxnÞ  inf fkxn  xmk : n– mgP e,
then it follows that x 2 Bdð0Þ.
Deﬁnition 1.3. A Banach space X is called NUC space (Nearly
Uniform Convex space) if for any e > 0 there exists 0 < d < 1,
such that for any sequence x1; x2; . . . ; xn; . . . 2 BðXÞ with
sepðxnÞ  inf fkxn  xmk : n – mgP e, then it follows that
coðxnÞ
T
Bdð0Þ– ;.
He proved the relationship between UKK spaces and NUC
spaces, and the relationship between NUC spaces and normal
structure:
Theorem 1.4. Let X be a Banach space, then X is NUC space if
and only if X is UKK space and reﬂexive.
Theorem 1.5. NUC space has normal structure.
In 2008, Dowling et al. [5] introduced the concept of UKK*
spaces:
Deﬁnition 1.6. A Banach space X is called a UKK* space
(Uniform Kadec-Klee* space) if for any e > 0 there exists
0 < d < 1 such that for any sequence ffng#BðXÞ with fn !w

f
and sepðfnÞ  inf fkfn  fmk : n – mgP e, then it follows that
f 2 Bdð0Þ for X.
In this paper a new kind of separation measure,
u-separation, is introduced. The new kind of Banach spaces:
semi-UKK and semi-NUC, and modulus of semi-UKK and
modulus of semi-NUC are introduced in terms of this
u-separation measure. The relationships of these moduli with
normal structure, reﬂexivity and other convex properties are
studied respectively. Many known results for ﬁxed points of
nonexpansive mappings are improved upon. The u-separation
measure and its properties in X are also deﬁned and studied.
Among other results, we proved that if for a Banach space X
with BðXÞ is weak sequentially compact (for example, X is
reﬂexive or seperable, or has an equivalent smooth norm)
and lðXÞ < 2, then X has weak normal structure, where
lðXÞ is the separation measure of X.
2. Main results
In 2010, Saejung and Gao [6] introduced the following
concept:Deﬁnition 2.1. A Banach space X is called semi-UKK space
(semi-Uniform Kadec-Klee space) if for any e > 0 there exists
0 < d < 1, such that for any sequence x1; x2; . . . ; xn; . . . 2 BðXÞ
with xn !w x and u-sepðxnÞ  inf f< xn  xm; fxn >:
n > mgP e where fxn 2 rxn #SðXÞ and rxn is the norm 1
supporting functionals at xn, then it follows that x 2 Bdð0Þ.
And proved that
Theorem 2.2 [6]. If X is semi-UKK, then X has weak normal
structure.
Similarly, we introduce the concept of semi-UNC as
follows:
Deﬁnition 2.3. A Banach space X is called semi-NUC space
(semi-Nearly Uniform Convex space) if for any e > 0 there
exists 0 < d < 1, such that for any sequence x1; x2; . . . ;
xn; . . . 2 BðXÞ with u-sepðxnÞ  inf fhxn  xm; fxni :
n > mgP e where fxn 2 rxn #SðXÞ, the norm 1 supporting
functionals at xn, then it follows that coðxnÞ
T
Bdð0Þ – ;.
It is easy to see the following two propositions:
Proposition 2.4. If X is an UKK space then X is a semi-UKK
space.
Proof. Since u-sepðxnÞ 6 sepðxnÞ, u-sepðxnÞP e implies
sepðxnÞP e. From Deﬁnitions 1.2 and 2.1, the UKK spaces
is a subset of semi-UKK spaces. h
Proposition 2.5. If X is a NUC space then X is a semi-NUC
space.
Proof. Similarly from Deﬁnitions 1.3 and 2.3, the NUC spaces
is a subset of semi-NUC spaces. h
In 2012, Saejung and Gao [7] introduced the modulus of
UKK, modulus of NUC for a Banach space X, and modulus
of UKK* for X.
Deﬁnition 2.6. Let X be a Banach space, the norm-separation
lðXÞ  supfe > 0: there is a sequence fxng#SðXÞ with
sepðxnÞ  inf fkxn  xmk : n – mgP eg.
Deﬁnition 2.7. Let X be a Banach space, the semi-separation
mðXÞ  supfe > 0: there is a sequence fxng#SðXÞ
with u-sepðxnÞ  inf f< xn  xm; fxn >: n > mgP eg where
fxn 2 rxn #SX and rxn is the norm 1 supporting functionals
at xn.
Example:
Let fei ¼ ð0; 0; . . . 0; 1; 0; . . .Þg#Sðl1Þ where ith element is 1
and others are 0, and let fi ¼ ð1;1; . . . ;1; 1; 0; . . .Þ#Sðl1Þ
where ith element is 1, the jth element is -1 for j < i, and the jth
element is 0 for j > i.
Then fi 2 rei , and u-sepðenÞ  inf f< en  em; fn >:
n > mg ¼ 2. So, mðl1Þ ¼ 2.
Let PðXÞ#SðXÞ such that if f 2 PðXÞ then there exists
x 2 SðXÞ such that f 2 rx.
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Deﬁnition 2.9. Let X be the dual space of X, the semi-
separation mðXÞ  supfe > 0: there is a sequence ffng#SðXÞ
with u-sepðfnÞ  inf f< xn; fn  fm >: n > mgP eg where
fxng#SðXÞ, and fn 2 rxn #PðXÞ.
Proposition 2.10. For any Banach space X,
(a) mðX Þ 6 lðX Þ;
(b) 1 6 mðX Þ 6 2; and
(c) 1 6 mðX Þ 6 2.Proof. We only need to prove 1 6 mðXÞ 6 2.
Take x1 2 SðXÞ, and f1 2 SðXÞ, such that f1 2 rx1 ; then
x2 2 SðXÞ, and f2 2 SðXÞ, such that f2 2 rx2 and hx1; f2i ¼ 0;
then x3 2 SðXÞ, and f3 2 SðXÞ, such that f3 2 rx3 and
hx1; f3i ¼ hx2; f3i ¼ 0 and so on.
We constructed the sequences fxng#SðXÞ and ffng#
SðXÞ, such that hxn; fni ¼ 1, and hxm; fni ¼ 0 if m < n.
We have u-sepðxnÞ= inf fhxn  xm; fni : n > mg ¼ 1. So
mðXÞP 1. h
We now introduce the concepts of modulus of semi-UKK
and modulus of semi-NUC for Banach spaces by replacing
0 < d < 1 by 0 < d 6 1 in the deﬁnition of semi-UKK spaces
and semi-NUC spaces as follows:
Deﬁnition 2.11. Let X be a Banach space. Then, for
0 < e 6 mðXÞ, let semi-UKKðeÞ ¼ sup f1 dg; and for
mðXÞ < e < 2, semi-UKKðeÞ ¼ 1, where e and 0 < d 6 1 satis-
ﬁes the conditions for any e > 0 there exists 0 < d 6 1, such
that for any sequence x1; x2; . . . ; xn; . . . 2 BðXÞ with xn !w x
and u-sepðxnÞ  inf fhxn  xm; fxni : n > mgP e where
fxn 2 rxn #SðXÞ, implies that x 2 Bdð0Þ. The function semi-
UKKðeÞ is called the modulus of semi-UKK of X.
It is easy to see semi-UKKðeÞP UKKðeÞ.
Deﬁnition 2.12. Let X be a Banach space. Then, for
0 < e 6 mðXÞ, let semi-NUCðeÞ ¼ sup f1 dg; and for
mðXÞ < e < 2, semi-UKKðeÞ ¼ 1, where e and 0 < d 6 1
satisﬁes the conditions for any e > 0 there exists 0 < d 6 1,
such that for any sequence x1; x2; . . . ; xn; . . . 2 BðXÞ
with u-sepðxnÞ  inf fhxn  xm; fxni : n > mgP e where
fxn 2 rxn #SX , implies that coðxnÞ
T
Bdð0Þ – ;. The function
semi-NUCðeÞ is called the modulus of semi-NUC of X.
It is easy to see semi-NUCðeÞP NUCðeÞ too.
We also introduce the following concepts for the dual
space X:
Deﬁnition 2.13. Let X be a Banach space. X is called semi-
UKK* space if for any e > 0 there exists 0 < d < 1, such that
for any sequence ffng#PðXÞ with fn !w

f and u-sepðfnÞ  inf
fhxn; fn  fmi : n > mgP e where fxng#SðXÞ and fn 2 rxn ,
implies that f 2 Bdð0Þ.Deﬁnition 2.14. Let X be a dual of a Banach space X. Then,
for 0 < e 6 mðXÞ, let semi-UKK*(e) = supf1 dg; and for
mðXÞ < e 6 2, semi-UKK*(e) = 1, where e and 0 < d 6 1
satisﬁes the conditions for any e > 0 there exists 0 < d 6 1,
such that for any sequence ffng#PðXÞ with fn !w

f and
u-sepðfnÞ  inf f< xn; fn  fm >: n > mgP e where fxng#
SðXÞ and fn 2 rxn , implies that f 2 Bdð0Þ. The function semi-
UKK*(e) is called the modulus of semi-UKK* of X.
It is easy to see semi-UKK*(e)P UKK*(e) too.
Then we have some properties of these moduli.
Proposition 2.15. All modulus of semi-UKK and modulus of
semi-NUC of X, and modulus of semi-UKK* of X are increasing
functions.
Proof. We only prove it for semi-UKK spaces, for
other spaces the proofs are same. If e1 6 e2, then for all de1
corresponding to e1 is a subset of all de2 corresponding to e2
in Deﬁnition 2.1. Therefore inf fde1gP inf fde2g. So, from
Deﬁnition 2.11, UKK ðe1Þ ¼ sup f1 de1g ¼ 1inf fde1g 6
1 inf fde2g ¼ sup f1 de2g ¼ UKK ðe2Þ. h
Proposition 2.16. X is semi-UKK space if and only if
semi-UKKðeÞ > 0 for e > 0.
Proof. The proof is directly from Deﬁnitions 2.1 and 2.11. h
Similarly, we can prove:
Proposition 2.17. X is semi-NUC space if and only if
semi-NUCðeÞ > 0 for e > 0.
Proposition 2.18. X is semi-UKK* space if and only if
semi-UKK*(e) > 0 for e > 0.
Lemma 2.19 (Bishop-Phelps-Bolloba´s [9]). Let X be a Banach
space, and let 0 < e < 1. Given z 2 BðXÞ and h 2 SðXÞ with
1 hz; hi < e2
4
, then there exist y 2 SðXÞ and g 2 ry such that
ky zk < e and kg hk < e.
Theorem 2.20. ([10]) Let X be a Banach space, X is not reﬂexive
if and only if for any 0 < e < 1 there are a sequence
x1; x2; . . . ; xn; . . . 2 SðXÞ and a sequence f1; f2; . . . ; fn; . . . 2
SðXÞ such that
(a) hxm; fni ¼ e, where 1 6 n; m 61 and n 6 m; and
(b) hxm; fni ¼ 0; 1 6 n; m 61 and n > m.
Theorem 2.21. Let X be a Banach space if semi-NUCð1Þ > 0
then X is reﬂexive.
Proof. If X is not reﬂexive, from Lemma 2.20, for any
0 < e < 1, there are 2 sequences fxng#BðXÞ and
ffng#BðXÞ, satisﬁes 2 conditions there.
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fgng#BðXÞ where gn 2 ryn , such that kxn  ynk < 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ep ,
and kfn  gnk < 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ep .
Since hym; gni ¼ hym; gn  fni þ hym  xm; fni þ hxm; fni, we
have for mP n; jhym; gnij > e 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ep ; for m < n;
jhym; gnij < 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ep .
Therefore, u-sepðynÞ ¼ inf fhyn  ym; gni : n > mg > 1 4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ep .
Let
Pk
1ai ¼ 1, and ai P 0, then k
Pk
1aiyik > h
Pk
1aiyi; g1i >
e 4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 ep . So, coðynÞ does not intersects Be4 ﬃﬃﬃﬃﬃﬃ1ep ðXÞ.
Since e can arbitrarily close to 1, we have
semi-NUCð1Þ ¼ 0. h
Since semi-NUCðeÞP NUCðeÞ, the Theorem 2.21 improves
Theorem 2.13 of [7].
Lemma 2.22 [11]. If A is a convex set in a reﬂexive Banach
space X, then A is weak sequentially compact.
Lemma 2.23 [11]. If A is a convex set in a reﬂexive Banach
space X, then A is a norm close if and only if A is a weak close.
Theorem 2.24. For a Banach space X and any e > 0,
(a) Semi-NUCðeÞ 6 semi-UKKðeÞ;
(b) If X is reﬂexive, then semi-NUCðeÞ= semi-UKKðeÞ.
Proof. We prove the ﬁrst assert:
Suppose semi-NUCðeÞ ¼ a. If a sequence x1; x2; x3; . . . ;
xn; . . . 2 SðXÞ with u-sepðynÞ ¼ inffhyn  ym; gni : n > mgP e,
and xn !w x, then we have coðxnÞ
T
B1aþgð0Þ – ; from
deﬁnition of semi-NUCðeÞ for any g > 0.
So, we can make a y1 ¼
Pq1
i¼p1aixi, where ai P 0 andPq1
i¼p1ai ¼ 1, such that y1 2 B1aþgð0Þ.
Consider the sequence xq1þ1; xq1þ2; xq1þ3; . . . ; xn; . . . 2 SðXÞ
which is obtained by cutting the ﬁrst q1 terms from the original
sequence. This sub-sequence satisﬁes the same conditions of
the original sequence.
So, we can make a y2 ¼
Pq2
i¼p2aixi, where ai P 0 andPq2
i¼p2ai ¼ 1, such that y2 2 B1aþgð0Þ too.
By continuing this process, we have a convex combined
sequence from the original sequence y1 ¼
Pq1
i¼p1aixi; y2 ¼Pq2
i¼p2aixi; y3 ¼
Pq3
i¼p3aixi; . . . ; yn ¼
Pqn
i¼pnaixi; . . . where p1 <
q1 < p2 < q2 <    < pj < qj < . . . ; ai P 0 and
Pqj
i¼pjai ¼ 1 for
all i and j, and yn 2 coðxnÞ
T
B1aþgð0Þ for all n.
It is easy to see that yn !w x too.
So, kxk 6 limkynk 6 1 aþ g for any g > 0.
Therefore, x 2 B1aþgð0Þ for any g > 0.
Since g can be arbitrarily small, we have semi-UKKðeÞP a.We prove the second assert:
Suppose semi-UKKðeÞ ¼ a and X is reﬂexive.
If a sequence x1; x2; x3; . . . ; xn; . . . 2 SðXÞ with u-sepðynÞ ¼
inffhyn  ym; gni : n > mgP e, then from Lemma 2.22, there
exists a x 2 X and a subsequence xi1 ; xi2 ; xi3 ; . . . ; xin ; . . . 2 SðXÞ
of the original sequence, such that xin !w x.
We still have u-sepðxniÞP e.
Since semi-UKKðeÞ ¼ a, we have x 2 B1aþgð0Þ for any
g > 0.
From Lemma 2.23, x 2 cowðxinÞ ¼ coðxinÞ, we have
x 2 coðxinÞ
T
B1aþgð0Þ for any g > 0.
Therefore coðxiÞ
T
B1aþgð0Þ – ; for any g > 0.
Since g can be arbitrarily small, we have semi-NUCðeÞ
P a. h
The following is the similar relationship between
semi-UKK space and semi-NUC space:
Corollary 2.25. Let X be a Banach space, then X is semi-NUC
space if and only if X is semi-UKK space and reﬂexive.
Proof. This is a direct result of Theorems 2.21 and 2.24. h
Lemma 2.26 [7]. Let X be a Banach space without weak normal
structure, then for any 0 <  < 1, there exists a sequence
x1; x2; . . . xn; . . . #SðXÞ with xn!w0, and
1  < kxnþ1  xk < 1þ 
for sufﬁciently large n, and any x 2 cofxkgnk¼1.
This result can be extended to the following:
Lemma 2.27. If X is a Banach space with BðXÞ is weak*
sequentially compact (for example, X is reﬂexive or separable,
or has an equivalent smooth norm) and fails to have weak
normal structure, then for any e > 0 there are a sequence
fxng#SðXÞ and a sequence ffng#SðXÞ such that
(a) jkxi  xjk  1j < e, where i – j;
(b) hxi; fii ¼ 1, where 1 6 i 61;
(c) jhxj; fiij < e, where i – j;
(d) hxi; fi  fji > 1 e, where i – j; and
(e) kfi  fjk > 2 e, where i – j.Proof. Let e > 0, from Lemma 2.26 and the assumptions, for
g ¼ e
2
we can ﬁnd a sequences fxng#SðXÞ; ffng#SðXÞ and
f 2 BðXÞ, such that
(a) jkxi  xjk  1j < g, where i – j;
(b) hxi; fii ¼ kxik ¼ 1, where 1 6 i 61;
(c) xn !w

0 and
(d) fn !w

f .
Since xn!w 0, we can ﬁnd a subsequence 1 < k1 <
k2 <    < kn <    such that jhxm; f1ij < g for m > k1;
jhxm; fk1 ij < g for m > k2, and so on.
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jhxkj ; fkiij < g for i < j.
Without loss of generality, we still use N to denote the
subsequence 1 < k1 < k2 <    < kn <   . So we have
jhxj; fiij < g; ð2:1Þ
for i < j.
Since fn !w f, we can ﬁnd a subsequence 1 < k1 <
k2 <    < kn <    such that jhx1; fm  fij < g for m > k1;
jhxk1 ; fm  fij < g for m > k2, and so on.
So, the subsequence 1 < k1 < k2 <    < kn <    satisﬁes
jhxki ; fkj  fij < g for i < j.
Without loss of generality, we still use N to denote the
subsequence 1 < k1 < k2 <    < kn <   . So we have
jhxi; fj  fij < g, for i < j.
It follows that
jhxi; fjij 6 jhxi; fj  fij þ jhxi; fij < 2g ¼ e; ð2:2Þ
if i and j large enough and i < j.
By deleting some terms in the front if necessary, from (2.1)
and (2.2) we have jhxj; fiij < e for i– j.
khxj; fi  fjij ¼ j1 hxj; fiijP 1 jhxj; fiij > 1 e for i– j.
Finally, kfi fjkP jhxixj; fi fjij ¼ j2hxj; fiihxi; fjijP
2 e for i– j. h
Theorem 2.28. For a Banach space X with BðXÞ is weak
sequentially compact, and lðXÞ < 2, then X has weak normal
structure.
Proof. If X fails to have weak normal structure, from(e) of
Theorem 2.27 lðXÞ ¼ 2. h
Theorem 2.29. BðXÞ is weak sequential compact, and semi-
UKK*ðð1
2
ÞÞ > 1
2
, then X has weak normal structure.
Proof. If X fails to have weak normal structure, from Lemma
2.27, for any g > 0, there are 2 sequences fxng#BðXÞ with
xn !w 0, and ffng#BðXÞ with fn !w f, satisﬁes 5 conditions
there.
We have hxi; fi  fjiP 1 g for i– j, and 2 g 6
kfi  fjk 6 2.
Consider the sequence g1 ¼ f1f22 ; g2 ¼ f1f32 ; . . . #BðXÞ.
Then gn !w f1f2 , and hxi; fi  fi ¼ limj!1 < xi; fi  fj P
1 g, so, we have k f1f2 kP 12 g.
Consider sequence y1 ¼ x1  x2; y2 ¼ x1  x3; . . . #B(X),
we have hyi; giiP 1 g, and jhyj; giij < 12þ 2g, for i– j.
From Lemma 2.19, there are 2 sequences fx1i g#SðXÞ and
fg1i g#SðXÞ where g1i 2 rx1i , such that kx1i  yik 6 2
ﬃﬃﬃ
g
p
, and
kg1i  gik 6 2
ﬃﬃﬃ
g
p
.
Since jhx1j ; g1i ij < jhx1j ; g1i  giij þ jhx1j  yj; giij þ jhyj; giij 6
1
2þ 4
ﬃﬃﬃ
g
p
for i– j, therefore hx1i ; g1i  g1j iP 1 ð12þ 4
ﬃﬃﬃ
g
p Þ ¼
1
2 4
ﬃﬃﬃ
g
p
.Suppose g1i !w

g, then g1i  gi !w

g f1f2 . kg1i  gik 6
2
ﬃﬃﬃ
g
p
, implies kg f1f2 k 6 2
ﬃﬃﬃ
g
p
.
So, kgkP 12 2
ﬃﬃﬃ
g
p
.
From deﬁnition of semi-UKK* for X, we have semi-
UKK*ð12 4
ﬃﬃﬃ
g
p Þ 6 12þ 2
ﬃﬃﬃ
g
p
.
Since g can be arbitrarily small, we have semi-
UKK*ðð12Þ
Þ 6 12. h
Theorem 2.30. BðXÞ is weak sequential compact, and semi-
NUCðð1
2
ÞÞ > 0, then X has normal structure.
Proof. semi-NUCðð1
2
ÞÞ > 0 implies X is reﬂexive, normal
structure and weak normal structure coincide.
If X fails to have weak normal structure, from Lemma
2.27, for any g > 0, let sequences fxng#BðXÞ with
xn !w 0; fn#BðXÞ with fn !w f; y1 ¼ x1  x2; y2 ¼
x1  x3; . . . # B(X), g1 ¼ f1f22 ; g2 ¼ f1f32 ; . . . #BðXÞ; fx1i g
#SðXÞ, and fg1i g#SðXÞ where g1i 2 rx1i are same as in
Theorem 2.29.
We have hx1i  x1j ; g1i iP 1 ð12þ 4
ﬃﬃﬃ
g
p Þ ¼ 12 4
ﬃﬃﬃ
g
p
.
Let
Pk
1ai ¼ 1, and ai P 0, then k
Pk
1aix
1
i kP k
Pk
1aiyik
gP hPk1aiyi; f1i  gP 1 2g. So, coðx1i Þ does not intersects
B12gðXÞ.
Since g can be arbitrarily small, we have semi-
UKKðð12Þ
Þ 6 0. h
In [12], Sims introduced the following parameter:
wðXÞ  supfk > 0 : klim inf
n!1
kxn þ xk 6 lim inf
n!1
kxn  xkg
where the supremum is taken over all the weakly null sequence
xn in X and all the elements x of X. It was proved that
1
3
6 wðXÞ 6 1 for all Banach space X.
In [13], Gao introduced the following parameter:
EðXÞ  sup kxþ yk2 þ kx yk2 : x; y 2 SðXÞ
n o
:Theorem 2.31. For a Banach space X, If EðXÞ ¼
supfkfþ gk2 þ kf gk2 : f; g 2 SðXÞg < 4ð1þ ðwðXÞÞ2Þ, then
X has uniform normal structure.
Proof. If X fails to have weak normal structure, from
Lemma 2.27, for any g > 0, there are 2 sequences
fxng#BðXÞ with xn !w 0, and ffng#BðXÞ, satisﬁes 5 con-
ditions there.
Since lim infn!1kxn  x1k ¼ 1, we have kxn þ x1k 6 1wðXÞg.
So, kfn þ f1kP wðXÞ  ghx1 þ xn; f1 þ fniP ðwðXÞ  gÞ
ð2 gÞ.
Therefore, kfnþ f1k2þkfn f1k2P ð2gÞ2þððwðXÞgÞ2
ð2 gÞÞ2.
Since g can be arbitrarily small, from deﬁnition of EðXÞ,
we have EðXÞP 4ð1þ ðwðXÞÞ2Þ. h
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